HERMITIAN MOMENT SEQUENCES

BY
J. S. Mac NERNEY

1. Introduction. Let S be a complex linear space, Q be an inner product
* for S, and N be the corresponding norm: N(x) =Q(x, x)!/? for all x in .S. Sup-
pose that S is complete with respect to N, and let T be the set of all linear
functions from S into S which are continuous with respect to N. The set of
complex numbers is regarded as a subset of T and, for each 4 in T, A* de-
notes the adjoint of 4 with respect to Q, Re 4 denotes (4+4%*)/2,and Im 4
denotes (4 —A*)/2i. The notation HKK (alternatively, K>>H) means that
each of H and K is in T and Q(x, Hx) < Q(x, Kx) for all x in .S (implying that
each of H and K is Hermitian with respect to Q, since S is complex). If H>>0
then H'/? denotes that member A of T such that A4>>0 and 42=H. By an
infinite sequence we mean a function from the set of all nonnegative integers;
by an infinite matrix, a function from the set of all ordered pairs of nonnega-
tive integers.

The statement that C is an Hermitian moment sequence means that C
is an infinite sequence with values in T and that there exists a function ¢
from the real numbers to T, which is nondecreasing in the sense that ¢(u)
<K¢(v) for u <9, such that

Cn=flnd¢ (n=0’1’...)’

where I denotes the identity function on the real line. Let it be noted that
we may take ¢(— =) =0, in which case Co=¢(+ ). All limits in T are to
be interpreted as “strong” limits with respect to the norm N, unless other-
wise specified.

The main problem for which we provide new solutions in this paper is
twofold: to characterize all Hermitian moment sequences and to find connections
between these sequences and certain continued fractions. We find that each of
the following is a complete characterization, i.e., is a necessary and sufficient
condition that the infinite sequence C with values in T be an Hermitian
moment sequence:

(1) C¥=C, (n=0, 1, - - -) and there should exist an analytic function f,
from the upper half of the complex plane to T, such that Im f(z) <0 for Im z>0
and, for each positive integer n,
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n—1
ha(a) = 574Yf(z) — 22 a*Cy

k=0
is weakly bounded as Im z—+ « with Re 2=0—in the sense that for each
point x in S there exist positive numbers p and q such that if u>p then
|Q(h,,(iu)x, x)] <4q.

(I1) There should exist a member Ao of T such that AA&=Co and an

infinite matrix M with values in T such that

M@G,j) =0  for|i—j| >1, M@GN*=M3G9d) (G,5=012--)

and A,M*(0, 0)A & = C; for each positive integer k.
(II1) There should, for each nonnegative integer n, exist a number interval
[@n, ba] such that

n

@ 2 Qi Cirjr)) £ 2 Qi Cosr®y) S ba 2, Q(i, Cigsy)

4,j=0 1,j=0 i15=0

for all sequences {x.}{,‘ with values in the space S.

The characterization (I) is a direct extension of known results about
numerical moment sequences [3], an extension found in 1952 [8] with the
added axiom that the inner product space {.S, Q} is separable. The argu-
ments given in [8] concerning (I) carry over to the present setting with only
minor modification, as do arguments supporting the following proposition
(and no further proof will be offered). If f s a function from the wpper half of
the complex plane to T then the following two statements are equivalent:

@) f is analytic, Im f(2)<<0 for Im 2>0, and zf(2) is weakly bounded as
Im z—+4 ©» with Re 2=0.

(b) There is a nondecreasing function ¢ from the real line to T such that
each of the limits ¢(— «) and ¢(+ ) exists, and f is the Stieltjes transform

of ¢, t.e.,

f(z)=f z—é—la’«ﬁ for Im z > 0.

This latter equivalence is one of the essential tools used here, along with
ideas developed in [9; 10], to establish (II) and (III).

As well as including solvability criteria for the classical Stieltjes [16] and
Hamburger [3] problems (since T “contains” the values of numerical se-
quences), these results include corresponding criteria for matrix-moment
problems as considered by Krein [7] and by Wall [22]—since the latter cor-
respond to finite dimensional S (see Theorem 4, and Remark 1 following
Theorem 3).

Apropos of the Stieltjes moment problem: the infinite sequences C with
values in T such that Cpy1=0 (=0, 1, - - - ) which are Hermitian moment
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sequences are easily seen to be those which are generated by a nondecreasing
¢ which is odd—in the sense that ¢(—u) = —¢(u) for all real u—and are char-
acterized (Theorem 5) by the condition (II) with the proviso M(z, 7)=0

(:=0,1, - +). With B,=Cp, (=0, 1, - - - ), these sequences are also char-
acterized by the condition that B satisfy (III) with the proviso ¢,20
(n=0,1, - - -); indeed, we prove (Theorem 6) that if L is an infinite matrix

with values in T then the following two statements are equivalent:
(1) LG, 5)=0for |[i—j| >1 (5,7=0,1,2,- - -) and

2 Q=i LG, %) 2 0
1,j=0
for n=0,1, - - - and each sequence {x;}},' with values in the space S.
(2) There is an infinite matrix M with values in T such that

M@G,7) =0  for |i—j| =1, MG )*= M@, i),

and L(i, j) = M*(2, 2j)(3, j=0, 1,2, - - -).

If statement (2) holds then L*¥(0, 0) = M*(0, 0) (k=1,2, - ).

For the case that a single interval [a, b] suffices (#=0, 1, - - - ) in the
characterization (III), an equivalent formulation is: there should exist a non-
decreasing function ¢ from [a, b] to T such that

b
¢ = [ 1vas (h=0,1,-+);
for such a ¢, and each 4, in T such that 4,4 ¢ = Cy, we find that there is an

infinite matrix M which satisfies (II) and which gives rise to a continued
fraction expansion for complex 2 in the region Ext[a, b]—

> 1 - A
dp = Limit Ay ——— A
« 3—1 g— B — 4, — A
z — Bz b Az'
z— B, — -
= Limit Ao(Z - 31 - Al(z - Bz — s e )—lAl*)-lA(;‘,

where B,=M(p—1, p—1) and 4A,=M(p—1, p) (p=1, 2,---) and con-
vergence is uniform in z over each closed bounded subset of Ext[a, b]. This
case is also characterized by an extension (Lemma 8) of the representation
theorem due to F. Riesz [12] for “positive linear functionals” on the space of
continuous functions from [a, b] to the numbers (see, also, Christian [2]
concerning a further extension). The subcase, in which [¢, b]=[-1, 1] and
¢ is odd, is characterized by the following special form for the preceding con-
tinued fraction expansion (an extension of H. S. Wall’s characterization [19]
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of totally monotone numerical sequences):

By=0 and Ay=[1—mpa] um, — (p=1,2--),
where mo=0, and 0Km,<K1, and ufu, is the projection of S onto the closure of
my(S) with respect to N.

Finally, we find that there is a notion of “bounded variation” for functions
from the real line to T which provides—essentially as corollaries to the pre-
ceding analysis—an analogue (Theorem 9) of the characterization of moment
sequences of numerical functions of bounded variation on the unit-interval
[5] as differences of totally monotone numerical sequences, and an extension
(Theorem 10) to the present setting of the Boas-Pélya result [1] that every
infinite numerical sequence is the moment sequence of a numerical function
of bounded variation which is constant on the set of negative numbers.

2. Definitions and basic lemmas. In addition to the notational conven-
tions mentioned in the introduction, if 4 belongs to T then 4! denotes the
inverse of the contraction of A to the closure of 4*(S). We use N to denote
the norm for T defined by:

N(4) = L.U.B. N(4x) for N(x) = 1.

If Aisin T then IAI denotes the transformation [AA*]'/?; this is consistent
with standard notation (e.g., [15a, p. 277]) in case 4 is Hermitian with
respect to Q. If H>>0, H-'/? denotes (H'/?)~!,

LEMMA 1. If D isin T then | D| (S) = D(S) and is the subset of S to which z
belongs only in case there is a monmnmegative number m such that |Q(z, x)|
SmN(D*x) for all x in S, in which case N(D™'3) is the least such number m.

For a proof, see Theorem 1 of [9] or Lemma 3.1 of [10].

LEMMA 2. Supposing that each of D and E is in T, DD*=EE*, U= D-'E,
and V=E'D, the following are true:

(1) Eachof Uand Visin T, and U*=1V,

(2) U*U is the projection of S onto the closure of E*(S).

(3) V*V is the projection of S onto the closure of D*(S).

(4) For each x and y in D(S), Q(D~'x, D~ly) =Q(E~'x, E~ly).

REMARK 1. This lemma is a refinement of the result [15a, p. 286] that
every member of T is the composite of a nonnegative Hermitian transforma-
tion with a partially isometric transformation (let E=|D|).

REMARK 2. It follows from Lemma 2 that, if each of 4, B, and D isin T,
each of 4(S) and B(S) lies in D(S), and each of D~'4 and D~'Bisalsoin T,
then the transformation {|D|-'4}*{|D|-B}, which we have previously
indicated by A*[DD*]-'B (see [9, Theorem 4]), is the transformation
{D—4}*{DB}.
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Proof. That each of U and V is in T follows from Lemma 1, with the
observation that, for x and y in S, N(D*x) = N(E*x) so that
| 0By, )| = NG)N(D*2)
and
| 0Dy, 9)| < NG)N(E*3),

whence N(Uy) < N(y) and N(Vy) £ N(y). Let P, and P, be projections (with
respect to Q) of S onto the closures of D*(S) and E*(S), respectively. Now,
UE*=D*=(EV)*=V*E*, so that by continuity we have (UP;)*=P,V.
Since U[1—=P,]=[1—P,]V=0, then U*="V. Since U*UE*= U*D*=(DU)*
=E* then, again by continuity, we see that U*U= U*UP,=P,. Similarly
V*V =P,. The last assertion of the lemma follows from the observation that
for each x and yin S

Q(Pyx, Piy) = Q(Pwx, V*VP1y) = Q(V P, VPyy),
and this completes our proof.

LeEmMA 3. Suppose that each of A, B, and H is in T, Py is the projection of
S onto the closure of A*(S), Ps is the projection of S onto the closure of B*(S),
and there is a number m such that

| O(x, Hy)| < mN(A*x)N(B*y)  for each x and y in S.

Then (B—*[A—1H]*)*=A—'[B-'H*|* and is the only member G of T such that
H=AGB* and P,GP,=G.

REMARK. If H*=H and B=A then G*=G; moreover, one sees that if
[a, b] is a number interval then the condition that

aAA* K HKbAA*

implies that aP;<KG<«KbP,, and if H=AC* then GA*=P,C*,

Proof. Successive applications of Lemma 1 show that, for each x and y
in S,

N(A~'Hy) = mN(B*y)
and
N(B-[A~'H]*x) < mN(x).

Let G=(B-'[A~'H]*)*. Then BG*= [A~'H]* so that H=AGB*. Now, since
G*=B“1[A“H]*, it follows that P,G*=G* so that GP,=G. Since GB*

=A-1H, it follows that Py\GB*=GB* so that P\GP;=GP,. If F is a member
of T such that H=AFB* and P,FP,=F, then we see, successively, that:

AGB* = AFB* AGPy; = AFP,, AG = AF,G*P, = F*P,,G = P\G = P\F=F.
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Now, two more applications of Lemma 1 show that for each x and ¥ in S
N(B 'H*x) < mN(4*x)
and
N(A-[B-'H*]*y) < mN(y).

Let F=A-'[B-'H*]* Then P,F=F and F*A*=B~'H* Hence H=AFB*
and P,F*A*=F*A* Thus we see that P,F*P,=F*P, and P,FP,=P,F. This
completes our proof.

LeEMMA 4. If A ts in T and b is a positive number and Re A>>b then A is
reversibly continuous from S onto S and N(A~) S1/b.

Indication of proof. From the hypothesis, for each x in S,
20N (x)? = 2bQ(x, x) < Q(4x, x) + Q(x, Ax) S 2N(x)N(4x%),
so that bN(x) S N(4x), and similarly bN(x) SN(4*x); if zis in S,
|0, )| = {N()/b} N(4z)
and
10, 9| = {N@)/b}N(4%3).
By Lemma 1, A*(S)=A4(S)=3S, eic.

LEMMA 5. Suppose ¢ is a nondecreasing function from the real line into T
with ¢(— ©) =0 and ¢(+ «) =1, f is the Stieltjes transform of ¢, and the follow-

ing integrals exist:
C =fId¢ and C. =fI’d¢.

There exists a nondecreasing function 6 from the real line into T, with (— ) =0
and 0(+ ) = Cy— C3, such that if g is the Stieltjes transform of 0 then
(1) for Im 2>0, f(2) s reversibly continuous from S onto S and

f@™ =3 —Ci—g(a),

(2) if all the integrals Co=[I"dp (n=3, 4, - - - ) exist then for each positive
integer n

n—1
fl"do = Cuy2 — Co11C1 — Z C,._kfI"do.

k=0

REMARK 1. As noted in the introduction, an analytic function g from the
upper half of the complex plane into T is the Stieltjes transform of a non-
decreasing function 6 from the real line into T, such that 6(— ) =0 and
0(+ =) exists, only in case Im g(z) <<0 for Im 2> 0 and 2¢g(2) is weakly bounded
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as Im s—+ o with Re 2=0; in this case [8, Theorem 3.2 and Remarks],
2g(2) has weak limit 6(4 «).

REMARK 2. In this Lemma, the integrals ¢, and C; exist only in case [8,
Theorem 3.3] there exists an Hermitian member H of T such that 2%(z) —3?
—zH is weakly bounded as Im z—+ « with Re 2=0, in which case H=C;
and 2¥f(z) —22—zH has weak limit C,.

REMARK 3. It follows from part (1) of this Lemma that if Co=C} then f
is the resolvent of C; and ¢ is essentially the spectral resolution of Ci. Part
(1) we have previously obtained [8, Theorem 3.4] for the case that {S, Q}
is separable; we present an independent argument for the present setting.

Proof. With the suppositions of the Lemma, we show first that, for
Im 2>0, f(2) is reversibly continuous from .S onto S: we have

Imf(z) = — (Imz)f | 3 — I|-d¢
so that, for each x in the space S,

ot 97 = { [ 10(lsele, 9}

< { [ 1s- 1leaels 2} { [ 12 - 110dasls

= {—0([Im f(@)], 8)/(Am )} { ([ | 2|* = 2(Re )C1 + Ca]x, )},
whence we see that
—Imf(z) > (Im 2)/N(]| 2|2 — 2(Re 2)C1 + C2);
the conclusion follows from Lemma 4, and we have also
N(f(™) = F(| z]* = 2(Re 5)C1 + C)/(Im 2).
Now, letting the function g be defined by
gz) =2—Ci—f(z* forImz>0,

and using the preceding estimate for N(f(z)~?), it is easy to see that g is
analytic—indeed that g'(z) =1+f()"[f'(2)]f(z)~*. By judicious use of
Schwarz's inequality as before, e.g.,

I
ot ~ 1l | =| [ el

1
< —{Q( ) }12{Q(Cay, )} 112,
Im 2z

we obtain the following estimates, for Im 2>0 and Re 2=0:
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N([#@]™ = N(1 + C2/(Im 2)?),
N(z¥(z) — 5) < N(C2)''%,
N(z%(z) — 3 — 3C1) < N(Co).
Hence, by the identity
28(3) = [5f(2)] {2 (s) — 2* — 3C1 — [2%(s) — 2]C.},
we have the following estimate, for Im 2>0 and Re 2=0:

N(z2(2)) < N(1 + Co/(Im 2)){N(C2) + N(C2)'*N(C,)}.

Therefore (see Remarks 1 and 2 preceding this proof), there is a nondecreas-
ing function 0 from the real line into T, such that §(— «)=0 and 8(+ «)
exists, of which g is the Stieltjes transform; now, since

I2
5(e) = {1 - @)} @] +5 [ s~ {00 = s},

which has weak limit C;—C? as Im z—+ o with Re z=0, it follows that
Cy:—Ci=0(+ ). This establishes part (1).
Concerning (2) now, let B be the infinite sequence defined by

n—1

Bo=Cy—C: and B, = Cnyz— CaspiC1— 3. CokBr (n=1,2,---).

k=0
Inductively we see that By =B, (n=0, 1, - - - ). For Im 2>0, we let
ho(z) = 2g(2) and fhapa(2) = z{h,.(z) — B,.} n=0,1,--.).

We show, inductively, that N(k.(z)) is bounded for Im z>0 with Rez
=0 (n=1,2, - -),and this will establish (2) and complete our proof of the
lemma (see Remark 2 preceding this proof). From the last representation for
2g(2) in the preceding paragraph, we find

hu(2) =f zzfldqb— {f zzizldda}cl— {f zz_lldqb}ho(z).

From this it is easy to see inductively that, for n=2,3, - - -,

gInt+2 zIn-l-l
2(2) = dp — f d }C
In(2) fz—I¢ { z-—I¢ !
n—2 In—k 74
- Z{f z d¢}B,, - {f Sl d¢}h.._x(z).
kom0 z— 1 z—1

By using Schwarz's inequality as in the preceding paragraph, we find that
for Im >0 with Re 2=0 and each positive integer n (Co=1)
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_ zI2n—-1 _ —
v (f 7 d¢> < F(Can_) N (Can) 2

gz —

N( f :’TI d¢) < N(Ca).

This provides the desired bounds on N(k.(z)) and completes our proof.

and

LeMMA 6. If 0 is a nondecreasing function from the real line into T and
0(— ©)=0 and A is a member of T such that AA*=0(+ =), then the formula

6u(n) = A7 [A70(u)]*

deﬁhes a nondecreasing function 0, from the real line into T such that 6,(— «) =0
and 0,(4 «) s the projection of S onto the closure of A*(S); if, moreover, P is
that projection then the formulas

o1() = 01(u) ifu<0, ¢1(u) =60(w)+1—P ifuzxz0

define a nondecreasing function ¢, from the real line into T, with Stieltjes trans-
form fi and ¢p1(— ©) =0 and ¢p1(+ ©) =1, such that

1
Afi(z) A* = f ————I do forIm z > 0,
z —

and also

al [ misig ar = [ 1o (n=0,1,--)

provided only that all the latter integrals exist.

Indication of proof. That 6, makes sense and is nondecreasing, follows from
Lemma 3 and the Remark immediately thereafter. By Lemma 2, the projec-
tion P (of S onto 4*(S))is given by the formula

P= (41 4])(471] 4])* = 4141 [44%])%

All other assertions of the lemma follow from the following type of considera-
tion (based on Lemma 3): if H is an infinite sequence with values in T such
that 0KH, KHp 1 KAA* (n=0,1, - - - ), and K is the limit of H, then

(@) 0KA (A H) * KA (A Hp1)*<1 (n=0,1, - - -),

(b) A—(4—'H,)*—J such that PJP=J=J* and

(c) AJA*=K, so that J=A"1(A7K)*.

LEMMA 7. Suppose Sy is a linear subset of S which is dense in S, each of A
and B is a linear function from S into S,
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Q(4%,y) = Q(=, By) and Im Q(Ax,%) =0

for all x and y in S,, A denotes the closure of A (as a subset of SXS), and B
denotes the closure of B. If Sy is the initial set (i.e., “domain”) of A and S, is
the initial set of B, there exists a mondecreasing function ¢ from the real line
into T, with Stieltjes transform f and ¢(— ©) =0 and ¢(+ ») =1, such that for
Imz2>0

1) f(2) {z—;l-}x=xfor each x in Sy, and

(2) @) *{z*—B}y=1y for each y in S,.

REMARK. We have earlier [8, Theorem 2.6 and Corollary 3.2(a)] given
essentially this result for separable spaces, couched in the language of infinite
complex matrices. The case that S is finite dimensional, we set aside as com-
pletely taken care of by our results with matrices [8]. Ideas occurring in the
following twofold proof have been considered in somewhat more detail by
von Neumann in [18], especially pp. 98-103 for the first argument, and pp.
82-92 for the second.

Proof for separable {S, Q} . Let s be an infinite sequence with values in S,
such that the following three conditions hold:

(i) the set [{so, 450}, {51, 451}, - - - ] is dense in 4,

(ii) the set [{so, Bso}, {s1, Bs1}, - - - ] is dense in B, and

(iii) the set [so, $1, Sz, - - - | is dense in S itself.

Let [to, &1, tz, - - - ] be a maximal orthonormal set constructed from s by the
usual variation of the Hilbert-Schmidt process [18, Theorem 12.18]. Let C
be the infinite complex matrix defined by:

Ci; = Q(Atj, t;) = Q(¢, BL).
Now X | Ci;|2=N(A4t;)? and X | Ca| 2= N(Bt)? (3, §=0,1, 2, - - - ), and

for each positive integer #» and each complex number sequence {z;}3

Im 2 2¥Cizi = Im Q(A [ > thf:l, > Zdi) <0
%,j=0 7=0 1=0

Hence [8, Theorem 2.6 and Corollary 3.2(a)], there exists a nondecreasing
function ¢ from the real line into T, with Stieltjes transform fand ¢(— ) =0
and ¢(+ «) =1, such that for Im >0 the matrix D(z) defined by

D(z)i; = Q(f(2)t), L)

is a reciprocal of {26—C} (where § is the “identity” matrix); thus we have,
for 4,j=0,1,2, . -

QUi t:) = 2 D@ afzd; — Cui} = QU{z — A}, f(3)*1)
which implies (1), and
Qi t) = 2 {204 — Ca} D(2)i; = Q(f (D)), 12* — B}ty

k
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which implies (2). These latter implications are direct consequences of our
requirements (i) and (ii), respectively, on the original sequence s.

Proof for nonseparable {S, Q}. There exists [18, Theorem 14.10] a col-
lection G of mutually orthogonal, separable, closed linear subspaces of S
such that

(i) each member of G reduces each of 4 and B, and

(ii) the members of G span all of S.

Supposing M is a member of G, Py is the projection of S onto M, and
Tx is the set of all continuous linear functions from M into M, we deduce
the following facts (aided by [18, Theorem 14.13]):

(a) Pu(So) is dense in M and lies in the intersection Sy of P (S:) with
Pyu(S,). _ _

(b) The contraction 4 of A to Sy has closure A equal to the contrac-
tion of 4 to Py(Sy), and likewise for By and Py(S).

(c) For each x and yin Sy

Q(Amx,y) = Q(x, Byy) and  ImQ(4nx, %) < 0.

(d) There is a nondecreasing function ¢ from the real line into Ty, with
Stieltjes transform fa and ¢u(— ©)=0 and ¢x(+ ©)=1 in Ty, such that
for Imz>0

(1x) fu(z){z—Anu}x=x for each x in Px(S;), and

(2m) fu(z)*{z*—Bu}y=1y for each y in Py(S)).

The proof is readily completed now by appropriate “summation” over the
members of G [18, Theorem 14.12], and Lemma 7 is established.

LEMMA 8. Suppose [a, b is a number interval, Cla, b] is the set of all con-
tinuous functions from [a, b to the real numbers, E is a linear subcollection of
e[a, b] which is dense in C[a, b] in the sense of uniform convergence, and L is a
real-linear function from E to T. The following two statements are equivalent:

(1) L(IKL(g) for f=g in E (i.e., f(u) =g(u) for a=u=b).

(2) There is a nondecreasing function ¢ from [a, b] to T such that

b
L(f) = f fdo  for each f in E.

REMARK 1. This idea goes back to the work of F. Riesz [12] for the case
that L is numerical valued. An extension process, through nondecreasing
sequences with values in E, which produces the values of ¢ as values of an
extension of L to characteristic functions of subintervals of [a, b], is due to
Riesz [13, Chapter V; 14]. The present lemma is essentially proved in [15,
Chapter VII] in connection with Hilbert’s spectral resolution theorem: there
we have a member H of T such that a<KH«K®b, E is the class of real poly-
nomials on [a, b], and L(f) =f(H) for all f in E—so that L has the additional
property of being multiplicative in the sense that L(f-g) =L(f)L(g) for f and
¢ in E (which is equivalent to there being a ¢ which is projection valued).
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REMARK 2. An extension to a more general setting has been indicated by
R. R. Christian [2, §111]: E is replaced by the bounded real continuous func-
tions on a normal topological space, and T by a Dedekind complete partially
ordered vector space.

Indication of proof. Clearly (2) implies (1). Supposing (1) to be true, one
carries out the following procedure.

(i) Extend L to the set E’ of all upper semicontinuous functions on
[, b] which are bounded below, the extension L’ being additive and homo-
geneous with respect to positive scalars and having property (1) on E': if f
is in E’ and F is a nonincreasing sequence, with values in E and limit f on
[a, b], then L'(f) is the limit of L(F).

(ii) Extend L’ linearly to the set E’’ of all differences of functions in E’,
the extension L'’ being real-linear and having property (1) on E”: if f is in
E’” and f=g1—g,, with g; and g; in E’, then L"(f) =L'(g1) —L'(g,).

(iii) Define ¢(a) to be 0 and, for « in (a, b], ¢(u) to be L’'(1{a,.;) Where
1ta.1(t) is 1 or 0 accordingly as ¢ is in [a, %] or not: the function ¢ is non-
decreasing on [a, b] and, if f is in E and {«;}} is an increasing numerical
sequence with #o=a and #,=b, and m; and M, denote respectively the mini-
mum and maximum values of f on the interval [u;_;, #;] (=1, - - -, %), then

n

Somi{d(u) — ¢p(uir)} = L"(ml'lta.m + 2 mc'l(u«—:.ud)
2

1

<< L(f) << L” (Ml’ l [a,u1] + E M‘l'. 1 (ui—h‘“l]>
2

= i} M{o(us) — $p(uizr)}

—which is enough to establish (2).

LeMMA 9. If C is an infinite sequence with values in T and k is a positive
integer then

2 (p/m)* (:) A~?Cp — Gy asn— o,
p=1
where

m m
AmC; = Z(-l)f(,)c,.ﬂ- (G,m=0,1,2,-- ).
0 J
REMARK 1. This lemma was discovered by the author in 1949, presented in
seminar at the University of Texas, but not published. It was rediscovered
and published in 1958 by Jakimovski [6] for numerical sequences (see Wells’
1959 paper [23, p. 635] for comments and applications).
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REMARK 2. The lemma remains true if T is replaced by any linear topo-
logical space—as a consequence of the following observation about Bernstein
polynomials: for n=k (k,n=1,2,3, - )

k
5 ()0 - e = () et
p=1 e=1 \{q.
where din=1, dix=Fk!, and diy1;=j{di.j+de;} (1<j<k+1). (See Mc-
Shane [11, p. 119] for a different formulation.)

DEFINITION. For each positive integer #, S* denotes the set of all sequences
{x;}z with values in S, and Q, denotes the inner product for S* defined by

0z, 9) = 3 0w 39

=0

we identify the class of linear functions from S* into S*, which are continuous
with respect to the norm corresponding to Q,, with the class T of functions
from the ordered pairs of integers in [0, #] to T—in such a way that if 4
is in T™ then

Ax = { z": A, ])x,} for x = {x‘};

J=0
and A*(t!j)=A(.i, 1)* (i’j=01 1’ 2) ct )°

LEMMA 10. Suppose n is a positive integer, each of A and B is in T™, {D;}:,‘
is a sequence with values in T such that

A*x = { > D7'B(s, j)x;} for x in S»,
=i 0
where B(3, 1) =D;D¥ and B(1, j)(S) is a subset of D;(S) for 1<j, and p; is the
projection of S onto the closure of D¥(S) (=0, - - -, n). In order that the mem-
ber y of S* should belong to the closure of A*(S®), it is necessary and sufficient
that p;y;=y.-for 1=0,--.,mn.

REMARK. We now see that—with the suppositions of Lemma 10—if P
is the projection of S» onto the closure of 4*(S*) and K is a member of T,
then in order that PKP =K it is necessary and sufficient that p,K(z, j)p;
=K(1, j) for ¢, j=0, , n.

Proof. If y belongs to A*(S") then pyyi=y; (=0, - - -, n). It follows
that the condition is necessary. To show that the condition is sufficient, it
will be enough to show that if y;=D#z; (¢=0, - - -, ) for some z in S* then
y is “approximately” in A*(S"). Suppose, now, that z is in S*, that y;
=D¥z; (1=0, - - -, n), and that ¢>0. There is a member x of S* such that
X, =2, and, for 1<n,
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N(D."'zi — D¥x; — D71 Y, B(i,j)x,-) < ¢

i+1
hence Q.(y—A*x, y—A*x) <nc?, and the lemma is proved.

LeEMMA 11, Suppose C is an infinite matrix with values in T such that if n
is a positive integer then, for all x in S»,

2 Qs CG,y j)wy) 2 0.

1,j=0
There is an infinite sequence I, each value of which is an infinite matrix with
values in T, such that T'y= C and, for each nonnegative integer n, I'y(n,n)>>0 and
for each A in T such that AA*=T,(n, n)

Pn+l(i:j) = Pu('iui) - [A_IP"("J i)]*[A—an(”’aj)]

for1,j=0,1,2, - - - ; moreover, if n is a positive integer then
(1) Ta(s, ) =01f 2 <m or j<n,
(2) if Tu(k, B)=DyD¥ (k=0, - - -, n) then

n

CGyj) = 20 [De'Te(k, ) I*[ D' Ti(k, )] if i S m or j <

k=0

(3) for each zin S, Q(z, T'u(n, n)z) is the greatest lower bound of

> 0, CG, )x)

£,J=0
for all x in S™ such that x,= 3.

REMARK. The nature of the sequence I might be illustrated by a numer-
ical example: for C(z, j) = (¢4j+1)7, the formulas

@ QO
(1-:1») (ﬁ;n) i+ji+1

involving binomial coefficients, are easily established by induction.

Proof. This argument depends upon ideas developed in [10] in connection
with kernel systems, and we sketch the relevant facts. Let E denote the set of
all nonnegative integers. The hypothesis on C implies [10, Theorem 2.5]
that there is only one complete inner product space {5’, ¢’ }, of functions
from E to S, in which C is the kernel, i.e., in which it is true that for each ¢
in E and y in S the function C(-, £)y belongs to S’ and has the property that

(), ) = Q(f,C(-,9)y)  forall finS"

I‘”(z’j) =
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The space {S’, ¢’} can be described as follows [10, Theorem 2.7]: the func-
tion f, from E to S, belongs to S’ only in case there exists a nonnegative
number & such that

2

for all finite sequences x with values in S, in which case Q'(f, f) is the least
such number 4. Let N’ be the norm corresponding to the inner product Q'.
Now C(0, 0)>>0, since for each x in S

Q(x, C(0, 0)x) = N'(C(-, 0)x)? = 0.

Let Dy be a member of T such that DyDF=C(0, 0). If fisin S’ and y is
in S then

| Q(f(0), ) | = | Q'(F, C(-, 003) | = N'()N(D&y),

so that, by Lemma 1, f(0) is in Dy(S) and N(Dgf(0)) S N'(f); let g be the
function from E to S defined by

gG@) = [D&'C(0, )]*[DFf(0)];
now, for each z in S and each finite sequence x with values in S,
Q( 22 C(0, )z, z) = Q'< 2 C(, i), CC, 0)z>
so that
IQ( 22 C(0, i), z)

whence, by Lemma 1, Z.- C(0, 7)x; is in Do(S) and

2
= 2 Qs CGi, z)N(DE3)?,

v (pr E c,0m) 5 X 0 G s

thus we see that, for each finite sequence x with values in S,

2

2

Q(Do‘lf(O), Dy Z (o, i)x.~>

| = 06, =
2

woryn (Dt T C, i)
= V() 2 Qs CGi, )

IIA

hence g belongs to S’ and N’(g) = N'({).
Let P denote the subset of S’ XS’ to which {f, k} belongs only in case
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k() = f() — [D&C(0, )]*[Ds*f(0)]  for all i in E.

By the preceding paragraph, we see that P is a linear function from 5’ into
S’ which is continuous with respect to N’; moreover, P?*=P and Pf=f only
in case f(0) =0. Let K be the function from EXE to T defined by

KG, j) = CG, j) — [DF'C(0, 9)]*[D5C(0, 7)].

Now [10, Corollary 3.1c], K is the matrix representation of P—in the sense
that for all fin S’ and 7in E and x in S

Q'(P*f» C(-, 9)x) = Q’(f; K(-, 1))

—and, since K (¢, j)*=K(j, ¢) for all s and j in E, P is Hermitian with respect
to Q'. Therefore P is a projection with respect to Q’, the projection of S’ onto
the subset of S’ to which f belongs only in case f(0) =0. Hence K has the same
nonnegative character as that postulated for C and, by Remark 2 following
Lemma 2, is independent of the choice of Dy in T such that D¢D¢*= C(0, 0).

Now, what we did with C at the integer 0 can be repeated with K at the
integer 1. Thus we see that, with I'y=C and I''=K, the inductive definition
of I is justified. The properties (1) and (2) asserted for I'" follow readily from
our construction. Concerning (3) we see that for z in S, and each x in S»
such that x,=z2,

> 0, CG, i)z = 3 N ( X Denue, i)x.-)/
1,j=0 k=0 1=k

— 06, Ta(ny D) + 3 N(D.,*x.; + Dt 3 Tu, i)x.-)’;

k=0 k+1

hence, (3) may be established by the type of procedure employed in the
latter part of our proof of Lemma 10, and this completes our proof of Lemma
11.

LeMMA 12, With C and T as in Lemma 11, 1t is further true that if C(¢,j) =0
for t+j odd then, for each positive integer n, it is also true that T'n(z, §) =0 for
1+j odd.

Indication of proof. A simple induction argument can be made, to show
that if # is a nonnegative integer then

. 0 if 4+ + 7 is odd,.
T2u41(3, ) = .. e s
T2.(%, 7) if 4 or j is odd;
and
0 if 2 4+ 7 is odd,

I2n41(f,7) if i or jiseven.

Taali) = {
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We omit the details.

LemMA 13. If M is an infinite matrix with values in T such that M (¢, j) =0
for |i— j | >1, then the following are true:

(1) If n is a positive integer, M(3, j) =0 for li—jl >n.

(2) If n is a positive integer then the contraction M, of M to the ordered
pairs of integers in [0, n] has the property that

ME0,0) = M'(0,0) fork=1,---,2n+1.
(3) If M(,3)=0 (5=0, 1, - - - ) then
M%+1(0,2) = M%+2(0,2i+1) =0 (i, k=0,1,2,--)

REMARK. Using Lemma 13(3) and a simple induction argument, one is
led to the following observation: if M is an infinite matrix with values in T
such that M(s, j)=0 for |i—j| #1 and L is the infinite matrix defined by

L("’)j) = M2(21" 2.7) (1'7j = 0) 1’ 2’ e ))

then, for each positive integer &, L*¥(0, j) = M%*(0, 2j) (j=0,1, - - -).

Indication of proof. Assertion (1) results from straightforward induction
with the indicated matrix multiplication. Concerning (2), by supposing # is
a positive integer it is easy to establish—in order—the following facts:

(a) If 0<k<n and M*(0, j) = Mx(0, j) (j=0, - - -, n) then M*+1(0, j)
=M:+l(01j) (j=0v ) "’)-

(b) M~+1(0, j)=M:+l(0’ j) (j=01 cee,m).

(c) If 1=k=n and Mm+(0, j)=Mp*0, j) for 0Sj<n—k+1, then
M++1(0, 7) = M0, j) for 0Sj<n—k.

Assertion (3) is obtained by straightforward induction on the matrix pow-
ers of M, starting from M (0, 2¢)=0 (¢=0, 1, - - - ) and

M2(0,2i + 1) = M(0, 28) M (23,2 + 1) + M(0, 2i + 2)M(2i + 2,2i + 1) =0.

We omit the details.

DEFINITION. S denotes the collection of all infinite sequences x with
values in S such that the series D ;o N(x:)? converges, and Q. denotes the
inner product for S® defined by

Qu(x, ) = Limit 37 Q(x:, 33);
=0
we identify the class of linear functions from S® into S, which are continuous
with respect to the norm N, corresponding to Q., with the class T* of infinite
matrices M, with values in T, such that for some positive number & and
each x and y in S*
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> 0o MG, j)y)| 5% NS Ny

i,j=0 =0 =0

for all positive integers n—the identification being made so that

(My): =Limit 3, MG, 5)y; (=0,1,---).
=0
LeEMMA 14. Suppose M is a member of T= such that M(z, j) =0 for |i— 7 |
>1 (3, j=0,1,2,.-.), V(M) is the numerical range of M—the set of all
complex numbers w such that
w = Qu(Mx, x)  for some x in S® with Qu.(x, x) = 1

—and U is the complement in the plane of the closure of V(M), and R is the
resolvent of M (so that, for all z in U, R[z] is the inverse of 3— M in T). For
each z in U

R[2](0,0) = Limit (z — By — Ax(z — By — Ay(z — By — - - - )~1C2)~1C)1,

‘whereA,,=M(p-—l, P)) Bp=M(P_1,P_1), CP=M(P)p_1) (P=11 2’ Tt ))
and convergence is uniform in z over each closed bounded subset of U.

REMARK. For complex valued M and C,=4, (p=1, 2, - - - ), this is pre-
cisely H. S. Wall’s theorem [20; 21, p. 114] on convergence of bounded J-
fractions.

Proof. Let w be a point in V(M), L be the infinite sequence with values in
T defined by:

M@, j) ifi<nandj=n

LG, )= w ifi=4>n,
0 ifi#jand ¢ >mnorj>mn,
and P, be the resolvent of L, (n=0, 1, - - - ). Since the set V(M) is convex

[4;17, p. 131], it is easy to see that V(L,) is a subset of V(M) (n=0,1, - - -);
for each positive number d, each z in U at a distance not less than d from
V(M), and each nonnegative integer #,

{P,.[z] — R[z] = P.[z]{L. — M}R[z], and
No(Pa2]x) £ No(x)/d  for all x in S>.

Since L has (strong) limit M with respect to N, then, because of the indicated
boundedness of P, P has (strong) limit R with respect to N, at each point
of U; because of the analyticity of each value of P and because of the afore-
said boundedness, this convergence is uniform in z over each closed bounded
subset of U.

For each zin U, Po[2](0, 0) = (z— By)~". Also, because of the convexity of
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V(M), one can use Theorem 11 and Lemma A of [9] to show that for each
zin U

1
Py[z](0,0) = ——— C1 = [3— By — 4i(z — By)~'Cy]!
z — Bl - Al' B
2 — D3

and, for each integer # greater than 1,

P,|z[(0, 0) = ————

(10,0 = ——
. Cn
—An'_'

Z_B)l+l

Hence Lemma 14 is established.

LeMMA 15. Suppose M is an infinite matrix with values in T such that
M, j) =0 for Ii—jl >1(¢,j=0,1, 2, - - ), and for each positive integer n
and each x in S*

Im 3 Q(MG, )z 2) < O.

€,j=0

There exists a function ® from the real line into T, nondecreasing with respect
to Q., with Stieltjes transform F and ®(— ) =0 and ®(+ ©) =1 in T, such
that the following statement (1) is true; moreover, for each ® such that (1) holds,
(2) s also true:

(1) For Imz>0and1,j=0,1,2,-- -,

2 {50 — MG, BYF[s](k,5) = 2 FlslGy {58 — Mk )} = b
k
(2) If MG, D*=M(, 1) (4, j=0, 1, 2, - - ) then, for n=1, 2, .- -,
weG,j) = [ el Gi=0,1,2-0).

Indication of proof. Part (1) is a direct application of Lemma 7 in the
space {S®, Q.}, where we make the following identification: Sy is the subset
of S* to which x belongs only in case there is a positive integer n such that
%a46=0 (=0, 1, - - - ), and for each x in Sy and each nonnegative integer ¢

(4x); = 2 MG, )x; and (Bx); = Z M(j, i)*x;.

Using (1) and Lemma 13(1), we see that for each positive integer »

21 [3] G, §) — 28y — 'i 2 MG, §) = MG, 5) + ‘fl MG, k)F[3] (%, 5)

ko=l k=0
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for Im 2>0and 4, j=0, 1, 2, - - - . Hence, if m is a positive integer, and B
is the infinite sequence with values in 7™ such that Bo=1in T™ and By is the
contraction of M* to the ordered pairs of integers in [0, m] (k=1, 2, - - .),
and g(z) (for Imz>0) is the contraction of F[z] to the ordered pairs of
integers in [0, 7], we can carry out the type of argument used in connection
with Lemma 5(2) to establish the conclusion (2) for ¢, j=0, - - -, m. This
is enough to establish Lemma 15.

3. Principal theorems.

THEOREM 1. Suppose ¢ is a nondecreasing function from the real line into
T such that all the moments [Irdp (n=0, 1, - - - ) exist, p(u) =p(u-+) —p(— »)
for allreal u, Dy is a member of T such that DoD¢* =¢(+ =), and f is the Stieltjes
transform of ¢. There exists a function ® from the real line into T=, nondecreas-
ing with respect to Q. with®(u) =P(u+)—P(— ) for all real u and ®(+ »)
=1 1n T*, and an infinite matrix M, with values in T and M (i, ) =0 for
|i—j| >1 and M@, j)*= M@, i) (G,7=0,1,2, - - -), such that

(1) of F is the Stieltjes transform of ® in T> then, for Im z > 0 and
4,7=0,1,2, - - -, f(3) =DoF[2](0, 0) D¢ and

2 {280 — M(i, k) } Flz](k,5) = § Flz]G, k) {z-00; — M(k,5)} = 54,

x
(2) ¢(u)=D@[u](0, 0)D¢* for all real u and, for each positive integer k,

) = [ paslllG ) Gi=0,1,2-).

REMARK. As will be apparent from the following argument, if T is a sub-
set of T such that each H>>0 in T has a factorization of the form DD*=H
with D in T, then the matrix M can be so chosen that M(z, 1+1) is in
Ty (2=0,1, - - - ); for example, T, might be taken to be the class of all non-
negative Hermitian members of T or, if S is finite dimensional and T is
represented by a collection of complex matrices, Ty might be taken as a cor-
responding collection of matrices with “only zeros above the main diagonal”
and nonnegative real numbers on the main diagonal.

Indication of proof. With ¢, Do, and f as postulated, we apply Lemmas 5
and 6, inductively to obtain infinite sequences 4 and B, each with values in
T, and infinite sequences g and 6 such that

(a) Ao=D, and 8, is a nondecreasing function from the real line to T,
with Stieltjes transform go and 0o(x) =00(u+) —0¢(— ) for all real % and
6o(+ ©) =1, such that f(2) = Aoge(s) A for Im >0, and

(b) for p=1,2, - - -, Bp=[Id,y, ApA}=[I’d0, ,— B2, and 6, is a non-
decreasing function from the real line to T, with Stieltjes transform g, and
0p(u) =0,(u+) —0,(— =) for all real # and 0,(+ «) =1, such that for Im z>0

23— By, — A,8,(3) 4 = gpa(2)7L
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Let M be the infinite matrix (with values in T) defined by
MG,j) =0 if |i—7|>1, MG+ 1,)* = MG,i+ 1) = Aips, M(,i) = Biyy,

and F be a function from the upper half of the complex plane into the set of
infinite matrices with values in T such that, for Im >0, F[z](0, 0) =go(2)
and (¢4=0,1,-.-;p=1,2,---)

Flz](p, p) = 8,(3) + go(2) AFF[2](p — 1, p — 1) 4,,(2),
F[Z](t,1,+ P) = F[Z](t, 1 + P - I)Ai+rgi+p(z)s
F[2]G + 9,9 = gun(2) A%LF[2]C + p — 1, 9).

Now, an easy computation (or translation into the notation of [9, Lemma
A)) shows that, for Im >0, F[z] is a reciprocal of the matrix z-8— M in the
sense of (1) of this Theorem. Moreover, by our Representation Theorem (9,
p. 676], the fact that

Im [4,6,@) 4] <0  forImz>0(p=1,2--")

implies that F is the Stieltjes transform of a function ® from the real line
into T, nondecreasing with respect to Q., such that®(u) =®(u+) —P(— =)
for all real # and (4 ) =1 in T, The proof is completed by application of
Lemma 15, with the observation [8, p. 162] that f determines ¢ uniquely.

THEOREM 2. Suppose C is an infinite sequence with values in T and Dy is a
member of T such that DoD¢* = Co. If M is an infinite matrix with values in T
such that M(3, j) =0 for |i—j| >1 and M(i, j)*=M(, 1) (3,j=0,1,2,--)
and DyM*(0, 0)D¢* = C; for each positive integer k, then

(1) C is an Hermitian moment sequence, and

(2) #f n is a nonnegative integer and |a,, b, is a number interval such that

@ 2 Qi x) £ 20 Qva MGy j)x) < by 35 Qlas, %)
=0 4,J=0 =0
for each sequence {x;}% with values in S, then for each such {x;}3
@ 2 Qi Carjrj) £ 25 Qs Ciipr®y) < b 2 Qa:, Cipty).
1,j=0 1,7=0 $,5=0

Proof. Concerning conclusion (1), we apply Lemma 15 to M and obtain
an appropriate function ® from the real line into T®; now, with
¢=D¢@®[I](0, 0)D¢ it is easy to see that ¢ is a nondecreasing function from
the real line into 7" and that

Cu= [ 174 (n=0,1,- "),

thus establishing (1). Concerning (2), it is clear that
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a0 <K M(O, 0) < by implies that a¢Co K C; K 50Co.

Suppose, then, that # is a positive integer and [a,, b,] has the indicated
property with respect to M. Now the contraction M,, of M to the ordered
pairs of integers in [0, #], is a member of 7" and is Hermitian with respect
to Q.. Let ® be the function from the real numbers to 7" which is the spectral
resolution of M, in the space {S", Q,.} , modified so as to have at a, the value
0 in T*. Letting §=&[I](0, 0), we see that for each positive integer

bn
Mi0,0 = | T

Now, by application of Lemma 13, we see that

bn
Ck=Do{f I"dﬂ}Do* fork=0,-.-,2n+4 1.

n

Hence, for each x in S* we have
iﬂ Q(x:y Ciyjprxj) = io Q(Do*x.-, { f " Ii+i+ld0} Do*x;)
W= ii= an
which can be written as
f b"IQ ([ Z I‘Do*x;], {da}[ i‘ IiDo*xj:I>,
an 1=0 J=0
from which the desired conclusion follows. Theorem 2 is proved.

COROLLARY 2.1. The characterization (11) in the Introduction is a necessary
and sufficient condition for the infinite sequence C with values in T to be an
Hermitian moment sequence.

THEOREM 3. Suppose C is an infinite sequence with values in T and, for
each nonnegative integer n, [a., ba] is @ number interval such that if {x.}}
1is a sequence with values in S then

an 2 Qi Cis) £ D Qi Cisrr®y) < ba 2 Qi) Cigixj).
1,7=0 1,j=0 1,j=0

There is an infinite sequence I', each value of which is an infinite matrix with
values in T, such that if each of © and j is a nonnegative integer then To(s, 5)
= C;yj and, for each nonnegative integer n, I'n(n, n)>>0 and for each A in T
such that AA*=T",(n, n)

Tuii(i, 7) = Ta(i,§) — {A71Tu(n, i) }*{ A-'T0(n, j)};

if each of D and P is an infinite sequence with values in T such that D,D,
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=T'n(n, n) and P, is the projection of S onto the closure of D}(S) (n=0,1, - - -),
then for each nonnegative integer n

n

Citi = 2, { Di'Tu(k, i) }*{ DTk, )} ifi S moorj <,
k=0

and there is only one infinite matrix M with values in T such that

i
Cirsrr = 25 25 { D7 'To(p, ) }*M(p, ){ Di'To(g, 7))}
p=0 g=0
and P;M(3, j)P;j=M(©, ) (4,7=0,1,2, - - - ); moreover, M has the properties:
(1) M('l" j)=0f07 I'I‘_]’I >1 and M(”'a j)*=M(jr 1') (i» j=01 1; 21 tte )-
(2) If kis a positive integer then DoM*(0, 0)D¢* = Cy.
(3) For n=0,1, - - - and each sequence {x;}{,‘ with values in S

Qn E Q(x", Pixi) é Z Q(xi, M("', f)x.r) é bn Z Q(x": Pc'xt’)-
=0 1,j=0 1m0
(4) If © is a nomnegative integer then Dy1(S) s a subset of Dy(S) and
M(@5, i+1) =D7'Dyiya, M(0, 0)=Dg!{ Dg1Ci}*, and (if i>0)

MG, ) = D; {[D: Tu(i, i + D]* — [DisiliaGi — 1, §)]*[D:aD/]}.

REMARK 1. With C and D as in Theorem 3, one can use Lemmas 1 and
11 to establish the following: the condition that D;'bein T (for n=0,1, - - )
is equivalent to the condition that there exist a positive numerical sequence d
such that (for n=0,1, - - )

> 0, Cirjy) = dnQ(2n, x4) for all x in S7;
§,j=0
moreover, in case .S is finite dimensional, this is equivalent to
> Q@i Cigx) > 0 for Q(n, 2,) > 0.
§,j=0

REMARK 2. With I and M as in Theorem 3, a simple induction can be
used to extend property (2) of M to the following: for n=0, 1, - - .

I'a(iy5) = Do { ¥ 250, B Mik, 0)} D& (,j=0,1,2---).
k2n

Proof. The existence of the sequence I' follows, by Lemma 11, from the
properties postulated for C—since, for each nonnegative integer #, b,—a,>0
and if x is in S™ then

(ba—ax) 2 Q(x:, Cuyji)) Z 0.

1,j=0
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Supposing, then, the sequences D and P as indicated, it follows from Lemmas
3 and 10 that there is only one member G, of T such that

Cl = DoGoDo* and PoGoPo = Go

and that, for each positive integer #, there is only one member G, of T" such
that (for ¢, j=0, - - -, n) PG.(3, j)P;=G.(4, j) and

Civinr = 2 { Di'Ty(p, i)} *Gu(p, ) { D7'To(g, )} ;

P.g=0

moreover, by the Remark following Lemma 3, a.(diag P;) KG,<b.(diag P;)

in the space {S", Qn} and—from the structure of I'—for ¢, j=0, - - - , n
i

() 3 Galiy 91 Di'Tulg, )} = DFITAGi j + 1.
g=0

From this latter fact it follows, inductively, that
Lk -1 . N
2 Gui, 9{ Dy Tolg, )} = Di Tui, j + #)
¢=0

for 0£4<nand 05j+k=n-+1, so that

Ci = DiGL(0, 0) D¢ k=1, ,n+1).

To complete a proof of all of our assertions in Theorem 3, it is sufficient
to show that G.(3,j) =0 for | i—jI >1and Go1(2,7) =Ga(3,5) fors,j=0, - - -, n
—provided that on the way we establish the appropriate analogue of asser-
tion (4). This we now accomplish, using the relationships (§) and P.G.(i, j)P;
=G.(1, j) =G.(j, 9)* (and, implicitly, Lemma 1 to see that D;:(S) is a sub-
set of D;(S)). For j=0and 07 =<, we have G,(¢, 0)D¢* =D;'T';(4, 1) so that
G.(0,0) D¢ = Dg'Cy,
G.(1,0)D¢ = Dy, implying G.(0, 1) = Dy'D, ifn=1, and
G.(4,0) =0 provided 1 < 7 £ n.

Now, inductively, for j=1 and 0=<7=#, we have

j—1

> GaGi, {D7'To(g, )} + Gul6, 5) DF = DTG, 5 + 1)

=0
so that

Galjyj — D{DiT( — 1, )} + Ga(j, ) D} = DFIT(j,j + 1),
G.(j + 1,7) D} = D}, implying Ga(j, j + 1) = Di'Djaif » 2 j + 1, and
Ga(i,7) = 0 providedj+ 1 <7 = n.
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Omitting the few remaining details, this concludes our proof of Theorem 3.

CoROLLARY 3.1. The characterization (111) in the Introduction is a neces-
sary and sufficient condition for the infinite sequence C with values in T to be
an Hermitian moment sequence.

COROLLARY 3.2. If R is a proper subset of the real line which is closed, non-
degenerate, and connected (i.e., an interval or a ray), and C is an infinite se-
quence with values in T, the following are equivalent:

(1) There is a nondecreasing function ¢ from the real line into T, which is
constant on each component of the complement of R, such that

C,.=fI"d¢ (n=0,1,.-.).

(2) There is a member Aq of T such that AoA&¥ = Co and an infinite matrix
M, with values in T and numerical range lying in R, such that M(z, j) =0 if
li—j| >1(,7=0,1,2, - - -) and AM*0, 0)A¢=Ci (k=1,2, - - -).

(3) There is, for each mommegative integer n, a number interval [an, b.]
lying in R such that for each sequence {x;}3 with values in S

an 2, Qi Cirsx) £ 25 Qi Cipirr®s) S ba D, Qs Cigss).

1,j=0 1,j=0 %,j=0

REMARK. In (2) the numerical range of M (supposed lying in R) is under-
stood to be the set to which w belongs only in case there is a nonnegative
integer # and a sequence {x;}3 with values in S such that

w= 2 QMG i)z z)  and 2 Qm,w) = 1;
1,)= =
in this situation and in case R is not bounded, instead of using our Lemmas
7 and 15 to exhibit a ® and so deduce (1), one uses the fact (see, for example,
[15a, p. 330]) that an associated Hermitian transformation has a self-adjoint
extension in the space {S°°, Q,,} with a spectral resolution ® which is con-
stant on the complement of R.

The following theorem is an elaboration of Remark 1 which follows
Theorem 3. (See Krein [7] and Wall [22], for finite-dimensional S.)

TuEOREM 4. If C is an infinite sequence with values in T and there is a
positive numerical sequence d such that

> Qi Ciyii) Z dnQ(n, %)
1,7=0

for n=0,1, - - - and each sequence {x;}{,' with values in S, then C satisfies the
suppositions of Theorem 3 and so is an Hermitian moment sequence.
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Indication of proof. Supposing the infinite sequences C and d as indicated,
let T be the infinite sequence obtained from C as in Theorem 3, as guaranteed
by Lemma 11. Now E,=T',(n, n)!/? (=0, 1, - - - ) is reversibly continuous
from S onto S; moreover (for =0, 1, - - )

Civi = X {Er'Tu(k, )Y E-'Tu(k, )} fori,j=0,---,n.
k=0
Hence (for =0, 1, - - - ) there is a member H, of T™ such that
H; (14, 7) = Ciyj fori,j=0,---,mn.

Thus we see that there is a positive numerical sequence e such that

i Q(xs, Cirxj) Z en i Q(x;, x;)

1,5=0 $=0
forn=0,1, - - - and all x in S*; on the other hand, there is a positive numer-
ical sequence f such that, for =0, 1, - - - and all x in S»,

—fa 2205 %) £ 25 Q@i Copspry) < fa 2 Q(xi, 22).
=0 i, j=0 im0
Therefore, with a,= —f./e, and b,=f./e, (=0, 1, - - - ), C has the proper-
ties postulated in Theorem 3.

THaEOREM 5. If C is an infinite sequence with values in T such that Co>0
and M is an infinite matrix with values in T such that M (3, §) =0 for |i—j| >1
and M@, )*=M(j, 1) (¢,j=0,1,2, - ), then

(1) if M generates C as in Theorem 2 and M (i, 1) =0 (¢=0, 1, - - ) then
Cin1=0 (=0, 1, - - - ), while, conversely,

(2) if C generates M as in Theorem 3 and Cany1=0 (n=0, 1, - - ) then
M@, 1) =0 (2=0,1, - - ).

Indication of proof. Apply Lemmas 13(3) and 12, respectively.

REMARK. From our development thus far, it is easy to assemble facts
which support the equivalence of the following statements (for any infinite
sequence C with values in T):

(1) Cis an Hermitian moment sequence and Copy1=0 (n=0,1, - - ),

(2) There is a nondecreasing function ¢ from the real line to T, which is
odd in the sense that ¢(—u) = —¢(u) for all real «, such that

C,.=fl"d¢> n=0,1,--.).

(3) There is a member Dy of T such that DoD¢ = Cyand an infinite matrix
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M with values in T such that M(i, j) = 0 for |i — j| # 1 and M(, j)*
=M@,1) (4,7=0,1,2, - - -)and DoM*0, 0)D&F=Cy (k=1,2, - - -).

(4) There is a nondecreasing function @ from the real line to T, which is
constant on the set of negative numbers, such that

Con = fI"dB and Cwm1=0 (n =0,1, .- )

(5) Ceny1=0 (n=0, 1, - - - ) and there is a member Dy of T such that
DoD¢ = Cy and an infinite matrix L with values in T such that L(s, j) =0 for
li—jl >1 G,§=0,1,2, - - -), DL*0, 0)D¢=Cn (k=1,2, - - - ), and

.Zo Qx:, L(3, )x) 2 0
3y )=
for n=0,1, - - - and each sequence {x.-}:,‘ with values in S.

The following pair of theorems supplies a direct connection between (3)
and (5), as suggested by the Remark following Lemma 13. The theorems are
related to a sufficient condition, due to Stieltjes (see, for example, [21, p.
121)), for a real J-fraction to be the even part of a continued fraction of a
certain other type.

THEOREM 6.1. If M is an infinite matrix with values in T such that M(1, j)
=0 for |i—j| %1 and MG, j)*=M(, i) (3, j=0,1,2,---), and L is the
infinite matrix defined by

L("'}]) = M2(21') 2.7) (i,] =0,12--- )y
then L(3, 7) =0 for |i—j| >1and LG, j)*=L(,4) (6,7=0,1,2, - - - ), L¥0, 0)
= M%*(0, 0) (k=1,2,:::), and

E Q(xt" L('I" j)xJ) 20
$,j=0
for n=0, 1, - - - and each sequence {x;}3 with values in S.

Proof. Supposing M to be as indicated, let 4 be an infinite sequence such
that A,=M(p—1, p) (p=1, 2, - - - ). All but the last of the assertions about
L follow from Lemma 13 and the immediately subsequent Remark. To estab-
lish the last assertion, we consider infinite sequences a, b, and g such that
g0o=0 and (for p=1,2, .- :)

ap,=L(p — 1,p) = Azp 144, by = L(0,0) = 4,4+,
bos1 = L(p, p) = AspAzy + Aspr1Aspy, and
8 = A;pA 2p < bp+l;

now, for each x and y in S and each positive integer p,

| 0, 3,9) | S Q(x, Arp143,-12)Q(, A2pA,y) = O, [by — 8511200, £).
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Hence the last assertion is true, by Theorems 5 and 7 of [9].

THEOREM 6.2. If L is an infinite matrix with values in T such that L(z,7) =0
for |i—j| >1 and L(s, j)*=L(j, 4) (4,7=0,1,2, - -) and

> 0, LG, ) 2 0

1,§=0

for n=0,1, - - - and each sequence {x,-}{,‘ with values in S, then there exists an
infinite sequence g and an infinite sequence u, each with values in T, such that
for each nonnegative integer n

(1) go=0and 0Kg,<LL(n, n),

(ii) u.*un is the projection of S onto the closure of g.(S), and

(iil) wnsrgair=[L(n, n) —g.]"12L(n, n+1);
if, moreover, M is the infinite matrix defined by

1/2

M2, 2%+ 1) = [LG, i) — g,  M@i+1, 2+ 2) = winge,
M(i,])=0 f01’|‘l"]| ;él’ and M(t’])*:'M(]”'),
then M*(2i, 2j)=L(s,j) (4,7j=0,1,2,---).

Proof. Supposing L to have the indicated properties, then, by Theorem 8
of [9], L(0, 0)>>0 and there exists an infinite sequence g, with values in T,
such that go=0 and (for n=0,1, - - -)

{[L(n, m) = gal72L(m, 0 + DY*{[L(n, 7) — gl 2L, 0 + D} = guir
and gnu1<L(n+1, n+1). Now, by Lemma 1, for =0, 1, - - - we have

1/2

—1/2
gn+l(S) = {[L(n’) n) - gn] L(") n -+ 1)}*(5):
and, by Lemma 2, the infinite sequence %, such that uo=0 and

-1/2

ki = g A [Lt, 1) — ] L n + D} (=01, ),

has the property that uyu, is the projection of S onto the closure of g¥3(S)

— so that g/%uu.g/*=g, (n=0, 1, - - - ). Hence, letting M be defined as
indicated, we have (for t=0, 1, - - -)

M*(2, 2i) = g wtuigt” + LG, i) — g = L(, 9), and
M2(26,2042) = M(24,2s+ DOM(2:+ 1,204+ 2) = LG, : + 1).

Since the closure of g.(S) is the closure of g¥/*(S) (=0, 1, - - - ), the proof
is complete.

No proof will be offered for the following theorem, since (1) and (2) are
equivalent by Lemma 8, while (1) and (3) and (4) are equivalent by Corol-
lary 3.2.
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THEOREM 7. If C is an infinite sequence with values in T and [a, b] is o
number interval, the following are equivalent:
(1) There is a nondecreasing function ¢ from [a, b} to T such that

b
c,.=fznd¢ (n=0,1,---).

(2) If E is the class of real polynomials restricted to [a, b] and L is the
Sfunction from E to T defined by

L( Z "p'Ip) = Zl"p'cm
p=0

p=0

then L(f)>>0 for each nonnegative f in E.
(3) For n=0, 1, - - - and each sequence {x.}3 with values in S

@ 25 Qi Copy) £ 2 Qi Copipa) S b 25 Q(x:, Cigsy).

1,j=0 1,j=0 $,j=0
(4) There is a member Dq of T such that DoD¢ = Cy and an infinite matrix
M with values in T such that M(3, ) =0 for |i—j| >1 and M(3, j)*= M(j, 1)
(6,§=0,1,2, - - -), DoM*0, 0)D¢=C; (k=1,2, - - - ), and

a2 Q@ x) S 20 Qxiy MG, f)x) S b 2 Qlxi, %)
1=0 t,j=0 =0
for n=0,1, - - - and each sequence {x;}3 with values in S.

This theorem, supplemented by Lemma 14, has the following two immedi-
ate corollaries.

CoROLLARY 7.1. If ¢ is a nondecreasing function from the number interval
la, b] into T then there exists an infinite sequence A and an infinite sequence B,
each with values in T, such that

(1) of M is the infinite matrix (with values in T) defined by
M(G,4) = Bipr, MG+ 1,9)* = M(i,i+ 1) = Aips, M(G,5) = 0 for | i — j| >1
then, for n=0, 1, - - - and each sequence {x;}},‘ with values in S,

a2 Qs %) £ 2 Qas, MG, 7)) S b 2 Qa, x4),
=0 i, jmm0 im0

(2) for complex z in the region Ext[a, b]

LA |
f Id¢=L'im1:tAo(Z'—Bl— Al(Z—Bz— .. ,)—XAI*)—IAJ"
« 22—

with uniform convergence over each closed bounded subset of Extl[a, b].
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COROLLARY 7.2. If [a, b] is @ number interval then, for each ordered pair
{A, B} of infinite sequences, with values in T such that statement (1) in the
preceding Corollary is true, there is a nondecreasing function ¢ from [a, b] into
T such that (2) holds.

THEOREM 8. If C is an infinite sequence with values in T, the following are
equivalent:
(1) There is a nondecreasing function ¢ from [0, 1] to T such that

1
Cn=f1”d¢ (n=0,1,-.-).
0

(2) The sequence C is totally monotone in the sense that
m X m
A”'Cn=z(—1)'<-)c‘+”>>0 (m’"=0’ l’ 2’"')*
=0 4
(3) There is an infinite sequence A with values in T such that, if M is the
infinite matrix (with values in T) defined by

MG+ 1,0*=M@G, i+ 1) = Ay, MG, §) =0 for | i —j| =1,

then
(a) AoA*=Co and AcM*(0, 0)A¢=C; (k=1,2,--:) and
(b) for n=0,1, - - - and each sequence {x;}3 with values in S
= 2 0 2) S 20 Qi MG, )2) S 3 Qi ).
1=0 t,j=0 =0

ReMARK. By Theorem 7 of [9] and Theorem 6.2 of the present paper,
each of the following is an equivalent formulation of the foregoing condition
(b) on the sequence 4:

(b’) There is an infinite sequence g with values in T such that if p is a posi-
live integer then 0<g, 1 <1 and

| Oz, 4,9) |* < Q(x, [1 — go1]2)Q(, g59)  for all z and y in S.

(b"") There is an infinite sequence m and an infinite sequence u, each with
values in T, such that mo=0 and (for each positive integer p) 0Km <1, uu,
is the projection of S onto the closure of m,(S), A p(S) is a subset of [1 —m,_, J1/2(S),
and
[1- mr—l]_llep = “pmilz‘

Indication of proof. If (1) is true then so is (2), since
1
AmC, = f [1—1I]m-I7d¢ (myn=0,12---).
0

If (2) is true and E is the class of real polynomials restricted to [0, 1] and
L is the function from E to T defined as in Theorem 7(2) then, since
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L([l—[]”"l") =A"‘C” (m’n=0’ 1, 2’...)’

we see by Lemma 9 that L(f)>>0 for each nonnegative f in E: hence, by
Lemma 8, (1) is true. Now, (1) is clearly equivalent to:
(4) There is a nondecreasing odd function 0 from [—1, 1] into T such that

1
C, = I*ndg n=0,1,-..).
-1
This establishes the Theorem, since (3) and:(4) are easily seen to be equiva-
lent by Theorems 3, 5, and 7.

COROLLARY 8.1. If ¢ is a nondecreasing function from [0, 1] to T then there
is an infinite sequence A, with values in T satisfying condition (b"") of the Re-
mark following Theorem 8, such that for complex z in the region Ext[—1, 1]

L |

f ; Id¢ = Limit Ao(z — A1(z — A2z — - - - )TUAF)TAF) 1A,
0o 2 —

with uniform convergence on each closed bounded subset of Ext[—1, 1]; con-

versely, each such sequence A determines a mondecreasing ¢ such that this con-

tinued fraction expansion holds.

CoRrOLLARY 8.2. If C s a totally monotone sequence with values in T then
there is an infinite sequence A, with values in T satisfying condition (b'’) of
the Remark following Theorem 8, such that for complex z in the (open) unit disc

> 2°Cy = Limit Ao(1 — 24:(1 — 2451 — - - - )1AF) 1A ¥ 14 ¢,

n=0

where (if 0 <r <1) convergence is uniform for Izl =r; conversely, each such se-
quence A determines a totally monotone sequence C such that this expansion
holds.

REMARK. This is the form of the theorem, mentioned in our Introduction,
first discovered by Wall [19] for numerical sequences. It can be obtained
directly from Corollary 8.1 (with Theorem 8) by an “equivalence transforma-
tion” on the continued fraction, or from Theorem 8 together with a variation
of Lemma 14 applied to the matrix z- M, followed by a replacement of 22 by z.

4. Functions of bounded variation. In mimicry of the standard idea for
complex valued functions, it is customary to say that a function ¥ from
[0, 1] to T is of bounded variation with respect to the norm N provided there is
a number k such that

Z N(y(u) — v(uizy)) £ &

for all finite nondecreasing sequences u with values in [0, 1]; if S is not finite
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dimensional, there are nondecreasing functions from [0, 1] to T which are
not of bounded variation with respect to N (spectral resolutions of members
H of T such that 0<KH<1). Let us observe that the function v, from [0, 1]
to the complex numbers, is of bounded variation only in case there is an
ordered pair {a, 8} of nondecreasing functions from [0, 1] to the numbers
such that

| 7@) = v |* = [a() — a@)][8() — B(w)]

for each subinterval [, v] of [0, 1]. Accordingly we introduce the following
definition, which provides us with an extension of Theorem 8 and with an
extension of the Boas-Pélya theorem [1], as promised in our Introduction.

DeFINITION. The class BVQ, of functions of bounded variation with respect
to Q, is the set to which v belongs only in case ¥ is a function from the real
line to T and there exists an ordered pair {e, 8} of nondecreasing functions
from the real line to T such that each of [da and [dB exists and

| 0@, [v(®) — @]y [ = 0, [26) — a@)]2)Q(, [8() — B()]y)

for each x and y in S and each number interval [, v]; in this case, the
ordered pair {a, B } is said to be a dominant pair for v.

REMARK 1. This idea allows immediate generalization (which will not con-
cern us here) to a setting, for instance, in which each of «, 8, and ¥ is replaced
by a finitely additive set function with values in the space of linear mappings
from X* to X—where X is a linear topological space with adjoint space X*.

REMARK 2. The nondecreasing function ¢ from the real line to T belongs
to BVQ only in case [d¢ exists, in which case {¢, ¢} is a dominant pair for ¢
(Schwarz'’s inequality).

REMARK 3. If f is a continuous function from, for instance, [0, 1] to the
complex numbers, and ¥ is in BVQ with dominant pair {a, B8 }, then the
Stieltjes integral [§fdy exists as a limit with respect to the norm N of appropriate
approximating sums—as can be deduced from the following symbolic com-
putation:

10(x, Xfl]o | = 2| Qs fi- [dr] o) |

< 2 0@, | fi [dal) 200y, | 1| (a8l

S{ X 1£:] 0, [dal )} {30 | £3] 00, [aBl)} 2,
whence N( > f;- [dy]:) < {max |f] } N(a(1) —a(0)) N(B(1) —B(0)).

REMARK 4. With reference to Hellinger integrals, as developed in [10,
especially Theorems 1.1, 1.2, and 1.7, and remarks on p. 259], we observe—
with the help of Lemma 1 of this paper—the following facts: if v is in BVQ
with dominant pair {a, B} then the integral

[ i laal1an] = [ {laed-selin]}#{ [da]-lan]}
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exists and, for each number interval [, v],
[ an#laed-tan < ) ~ 8

conversely, if v is a function from the real line to 7', and ¢ is a nondecreasing
function from the real line to T such that the integral [[dy]*[d¢]-![dy]
exists, and B is a nondecreasing function such that

8O =0 and B — B = [ [ ldelldy]  foru <o,

and [[dy][dB]-'[dy]* exists, then v is in BVQ with dominant pair {«, 8}
such that

a(0) =0 and a(v) — a(w) = f ’ [av][@B]-'[dvy]*  foru < v.

THEOREM 9. If ¢ is an infinite sequence with values in T then the following
are equivalent:
(1) There is a function v in BVQ such that

1
c,.=fI"d'y n=0,1,..-).
0

(2) There exist totally monotone sequences a and b, each with values in T,
such that for all x and y in S

| O(x, [Amca]y) |2 S Q(x, [Amaa]2)Q(, [Amba]y)  (m,mn=10,1,2,- ).

Indication of proof. If each of 4, B, and C is a member of T, with 4>>0
and B>>0, then [9, Theorem 5] in order that

I Q(z, Cy) l’ =< Q(x, Ax)Q(y, By) for all x and y in S,

it is necessary and sufficient that

4 C
( ) >0 as a member of T
C* B

—the space of continuous linear transformations in the space {S 1, 01} .Hence,
the function v from the real line to T belongs to BVQ only in case there are
nondecreasing a and B from the real line to T such that

a ¥
¢_(7* ﬁ)

is a nondecreasing member of BVQ,. Thus we see that Theorem 9 is a direct
application of Theorem 8 in the space {St, &u}.
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THEOREM 10. If ¢ is an infinite sequence with valuesin T and k is a number
then there is a member v of BVQ, with dominant pair {a, B}, such that all the
integrals [Irdo and [TdB (n=0, 1, - - - ) exist,

Cn=fI"d'y (n=0,1,---),

and vy is constant on the set of all numbers less than k.

Indication of proof. The idea, as in our proof of Theorem 9, is to make
this an application of our other theorems in the space {S 1, 01}. More specifi-
cally, supposing ¢ to be an infinite sequence with values in T and % to be a
positive number, we show the existence of infinite sequences ¢ and b with
values in T such that the sequence C,

an Cn
Cn=<*= b) (n=0’17"°),

Cn

with values in T has the property that

n 1 n
2 Oi(m, Cipjry) 2 (1 + )ZQl(x;, x;) and

i,j=0 n+1/ im0
M " s
2 Qu(®s, Cogjrns) Z (k + —) 2 Ou(mi, Capiny)
§,j=0 n+ 1/ im0
for n=0,1, - - - and each sequence {x.-}{,‘ with values in S!. Theorem 4 and

Corollary 3.2, applied in the space {S!, Qi}, then supply a function ¢ from
the real line to T, nondecreasing with respect to Q; and constant on the set
of all numbers less than &, such that

Cn=f1”d¢ (n=0)1"°');

the identification of «, 8, and v, with values in T such that

a v
¢ = (7* /3)’
then provides the asserted result. We now indicate how to obtain the condi-
tions (1).

First, we note that if # is a nonnegative integer and r is a positive number
then there exists a member a, and a member b, of T such that C,>>r with
respect to Q1: namely a,=5,>N(c.)+r. Hence, there exist members ao and
bo of T such that Co>>2 with respect to @y, and then members a, and b, of T
such that Ci>>(k+41)Cy with respect to Q.
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Next, we note that if # is a nonnegative integer and {4;}3%!is a sequence

with values in T and 4,41 is Hermitian with respect to Qy and p is a positive
number then there exists a member B of T* such that

23 0o #) + 2Re 3 Qunss, A + Qultns, [B = Angaltngs) 2 0
()

im0
for all sequences {x;}3*! with values in S': namely, B in T* such that

1 n
B> A, + ? > Ni(4)? with respect to Qi,
=0

since the requirement is equivalent to the condition that

é le(x,,+1, [B - An+1]xn+l) i Ql(xt” xi)

=0

io Ql(xn+l) Aixi)

for all such x, and since Schwarz’s inequality gives the estimate

é@mmmoﬁmuwi@wm.

j=0

'io Ql(xn+1, A .-x;)

Hence, supposing 7 such that (1) holds for all {x,-}g with values in S!, there
exist @an4a and banqe in T such that

1 1\ & 3
(n 1 m) g Qi(xi, %) + 2 Re ZE Q1(#n41, Crtr4i%;)

1
+ O (xn-l-l, [CZn+2 - (1 + s 2)] xn+l) =0

for all {x.~ s+l with values in S?, and then there exist @zu43 and bsa43 in T such
that

1 1 L]
(n 1 - m .-Eo Qu(s, x4)

n 1
+ 2Re 2 Q1 (x,.+,, I:Cn+2+:‘ - (k + —) Cn+1+:‘:| x:')

J==0 n+ 2

1
+ O (xn+!, [C2n+8 - (k + — 2) Cz,.+2:|x,.+1> =0

for all such {x;}2*": it follows readily that (1) holds with # replaced by n+1.
Therefore, an induction argument will yield the infinite sequence C, and this,
as we have seen, is enough.

Supplementary comment. Attention is called to the paper by B. Sz.-Nagy
(A moment problem for self-adjoint operators, Acta Math. Acad. Sci. Hungar.
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3 (1952), 285-293) for the prior equivalence of statements (1) and (2) in
both Theorems 7 and 8 of the present paper, and to the paper by Chandler
Davis (4 device for studying Hausdorff moments, Trans. Amer. Math. Soc.
87 (1958), 144-158) for the prior equivalence of statements (1) and (4) in
Theorem 7. Both papers deal with moments on an interval. It should also
be noted that our Lemma 5 provides an extension of results obtained in the
first of those two papers concerning the inequality C3<Cs; this inequality
seems first to have been studied by R. V. Kadison (4 generalized Schwarz in-
equality and algebraic invariants for operator algebras, Ann. of Math, 56 (1952),
494-503) ; see also Remark 3 following Lemma 5 and concerning our earlier
result [8, Theorem 3.4, p. 167]. Finally, attention is called to the expository
article by C. L. Dolph (Recent developments in some non-self-adjoint problems
of mathematical physics, Bull. Amer. Math. Soc. 67 (1961), 1-69) for some
ramifications of the theory of “dissipative operators” which we have studied
as half-bounded matrices in [8] and in Lemma 7 of the present paper.
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